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ON DUHAMEL'S THEOREM. 
By R. L. Moore. 

In these Annals, July, 1903, pages 161-178, Osgood discusses the follow- 
ing proposition which he refers to Duhamel: 

Proposition I. "Let <x x + a 2 + ■ ■ • + a n be a sum of positive infini- 
tesimals which approaches a limit when n = oo. Let ft + ft + • ■ • + ft. 
be a second sum of infinitesimals which differ from the infinitesimals of the 
first sum by infinitesimals of higher order; i. e., let 

Lim— - = 1. 

Then the second sum approaches a limit when n = » , and this limit 
is the same as that of the first sum : 

Lim (ft + ft + • • • + ft) = Lim ( ttl + a 2 + ■ ■ ■ + «„)." 

Osgood calls attention to two objections to Proposition I, as it stands. 
First, whether it is true or not depends on what interpretation is given to 
the requirement that Lim ft/a,- = 1. Secondly, there are certain simple 
problems where the hypothesis of I is not completely satisfied though the 
conclusion holds. After discussing these points he formulates a substitute 
theorem* which is at once rigorously true and well adapted to application 
in the problems above mentioned. 

In the present paper I propose a second form,f which is suitable for 
application to a still wider range of problems and at the same time seems 
to be even easier J to apply. 

In many, if not all, applications of this theorem the numbers «,-„§ and 
ft„§ are related to subdivisions of an interval or (more generally) to sub-sets 
of a limited point-set in m-dimensional space. Let E be such a point-set. 
For each value of the positive integer n let Em, E 2n , • ■ • , E nn , be non-over- 
lapping sub-sets of E of interior measures e ln , e 2re , • • • , e nn , respectively. Let 
us now consider the numbers a,„ and ft„ as being related (through the 



* Loc. cit., page 173. 

f Theorem 2, page 162. 

tThis statement is subject to certain reservations which are indicated in a footnote on 
page 165. 

§ I prefer to write «i», a»» • • • <*»» instead of a l; a 2 • • • <*„. Double subscripts are evidently 
desirable. 
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162 E. L. MOOKE. 

intermediation of their subscripts)* to E in for each pair of values of n and i 
(i = 1, •<•,«). 

Osgood suggestsf that, in certain problems at least, a natural interpreta- 
tion of the requirement that 

Lim -^ = 1 
might be+ that, for every point P of the point-set E, 

Lim = 1, 

where ip» signifies such a value of i that E ipnn shall contain the point P. 

But he gives§ an independence example to show that, under this inter- 
pretation, I is not a true proposition. If one examines this independence 
example, however, it is to be observed that here there is no upper bound 
to the set of values of the ratio 

ftn 



Oii„ 



I have found that if to the hypothesis of I there be added the requirement 
that such a bound shall exist and 



Lim &- = 1 

n = oo Oii 



be given the interpretation suggested above, I is thereby transformed into a 
true proposition. Moreover this proposition remains true even if a set of 
points (P) of measure be relieved from the requirement that 

n = ao OLij^n 

The following theorem holds true. 

Theorem 2. Hypothesis: || (a) E is a limited point-set in a space of m- 
dimensions. E in , E 2 „, ■ •-, E nn , are (for each value of the positive integer n) 
non-overlapping sub-sets of E of interior measures ei„, e 2n , • • •, e nn , respectively. 
Tin, Tin (i = 1, • • •, n), are numbers such that the set { |r,-„' — r»„ | } is a 
bounded set, i. e., there exists a number c such that for all values of n and i 

* Thus, for example, an and 0n correspond to En; a t $ and Pu correspond to E ti . 
t Loc. cit., page 170. 
| Aside from phraseology, notation, etc. 
| Loc. cit., pages 170 and 171. 

|| In close parallelism with Osgood I write ri„e;„, r^'ein instead of ai„, ft» and avoid the division 
of ft„ by <*i„. There is an evident advantage in this in cases where au is sometimes 0. 
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(i ^ n), \r in ' — r,-„| £ c. (b) Lim n=x T. n i=\Ti n ei n exists, (c) E is a subset 
of E of measure 0. (d) If P is a point of E not belonging to E then 

Lim fa^» - r i P J) = °- 

Conclusion: Lim n = „ J^1 =1 r in 'e in exists and equals Lim n= « l 'Z, n i= ir in ei n . 

Proof. If e > and 5 > 0, there exists n eS such that if n > n eS then 
S n ^ e, where S„ denotes the sum of the interior measures of those of the 
point-sets Ei„, E 2n , • ■ • , E„ n , for which the corresponding* \r in ' — r in \ > S. For 
otherwise there would be some value e and some infinite sequence of values of 
n such that, for each value of n belonging to this sequence, »S„ > e. There- 
fore, according to a theorem of W. H. Young's,f generalized so as to apply 
to space of any finite number of dimensions, there would exist a point set K 
of interior measure greater than or equal to e, each point of K being con- 
tained, for an infinite sequence of different values of n, in some E in for 
which the corresponding | r in ' — r in | > 5. But this would be contrary to 
Hypothesis (d), according to which K must be of measure 0. 

It is true, then, that if e > and 5 > there exists n eS such that if 
n > n tS then *S„ ^ e. Hence if n > n, s then 

I n 

! £ fan - r in ')e in g ec + he', 
i *=i 

where e' is the exterior measure of E. Of course by proper choice of e and 
5 the right hand member of this inequality may be made less than any pre- 
assigned positive number. Hence, in view of Hypothesis (&), it follows 
that Lim„ = » £" = ir fl /e fB exists and is equal to Lim„ = „ Yj\ = \r in e M . 

Osgood's Theorem} is as follows: 

Osgood's Theorem. Let 

ai + «2 + • • • + a n (A) 

be a sum of infinitesimals and let a t differ uniformly by an infinitesimal of 
higher order than Axifrom the summand /(x,)Ax,- of the definite integral 



£ 



fix)dx (B) 



of the function f(x), this function being continuous throughout the interval 
a ^ x ^ b. Then the sum (A) approaches a limit when n = oo, and the 
value of this limit is the definite integral (B) : 

n /%b 

Lim ^L.ai= I f{x)dx. 

* Tip is said to correspond to 2?. 2 „ if ii = i 2 . 

t W. H. Young, Lond. Math. Soc. Proc, Ser. 2, vol. II, p. 25. 
t Loc. cit., page 173. 



164 R. L. MOORE. 

With regard to ease of application, Theorem 2 has an advantage over 
Osgood's Theorem in that it is not necessary in applying Theorem 2 to 
prove, that Lim„ = „(r,y,' — r in ) = uniformly* 

An Application. — Let us consider a problem to which Osgood appliesf his 
Theorem, the problem of finding the attraction of a material body on a 
particle lying without it. Following Osgood, let the coordinates of the 
particle P be (a, b, c), let its mass be to, let V be the volume of the material 
body E and let X be the component along OX of the attraction which the 
body E exerts on the particle P. Divide the body E into n small pieces E Xn , 
Ein, ■ • ■, E nn of volumes AVin, AV 2n , • • ■, AV nn , respectively, where as n = oo 
the maximum diameter of E in approaches as a limit. WithJ Osgood 
"Let pin", Tin", ain" denote respectively the maximum values of the density 
p in E in , the distance y from (a, b, c) to a point of Ei„, and the angle a which 
a ray drawn from (a, b, c) to a point of Em makes with the positive axis of x; 
and let p,„', yi n ', a in ' denote respectively the minimum values of these func- 
tions." Osgood derives the double inequality: § 

mpi„'AV in ,, ^ A „ mp/'AVin , 

k — t — cos a in " < AX in < k ^ — cos a, n , (4) 

y%n y%n 

where k is a constant of proportionality. 

From this point I would proceed as follows : 

Let (4)' designate the double inequality obtained by dividing (4) by 
AV in . If P is any point of E then as n = oo all points of E ipn n approach P 
as a limit. Hence, since p, y and cos a are continuous functions of (x, y, z) 
and 7 is never in E by hypothesis, therefore 

kmpi Pnn ' cos oa Pn n" kmp ijPn n"cosa ipnn ' kmp ipn n cos a ipn n 
Lim —^ = Lim ^ = Lim ^ > 

where 6 ipnn , cos a ipn n, T.^n apply to any arbitrarily chosen point of E ipnn . 
Hence, from (4)', 

T . AX ipn" T . kmpi Pn „ cos a !pn n 

Lim AV~ = Lim ^~~* ' 

Clearlj^ the left hand member and the right hand member of (4) ' are bounded. 
Hence the middle term, AX in lAVin, is bounded. It follows, then, from 



* Cf. uniformity condition in Osgood's Hypothesis. 
f Loc. cit., pp. 166-169 and 174-175. 
} Except for double subscripts and other slight changes. 
§ Loc. cit., page 168, double inequality (4). 
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Theorem 2, that 



Limt AX in = Lka± kmpinC T ain AV in , 

n=w i=l n=» i=l Tin 



which is equal to 



w 



, OTp COS a 1TT 
& ; dV. 



Compare this argument with Osgood's argument on page 174, loc. cit. 

In this problem if the density p should be discontinuous at a set of 
points Eo of measure (and continuous elsewhere throughout E) then in the 
above argument merely stipulate that the point P shall not belong to E - 

Further Remarks. — The remarks in this section apply to those cases in 
which as n = oc the distance between each pair of points that belong to 
the same E in approaches 0, E is a closed set of points and for each value 
of n each point of E belongs to some E in . 

I wish to discuss three conditions which I will call A, B and C. 

A: If P is any point of E then 

Lim (r ipa n f - r ipnn ) = 

n=oo 

B: Lim (r ipn n — r ipnn ) — uniformly as to i. 

C: If P is any point of E then Lim (r in ' — r\„) = for all such modes 

of variation of i with n that, as n = oo, some point of E in approaches* P as 
its limit. 

Let A' and C denote the conditions obtained by substituting E — E 
for E in conditions A and C respectively, where E is a sub-set of E of meas- 
ure 0. 

As has been stated, A is less exacting than B, which corresponds to 
Osgood's uniformity condition. It may be easily seen however that B is 
equivalent to C. It is of interest, then, to ascertain whether A' (which I 
use in Theorem 2) is as exacting as C" which is a condition obtained by 
weakening (an equivalent of) the uniformity condition B by exempting a set 
of points (P) of measure from its jurisdiction. The following independence 
example shows that A' is less exacting than even C". 



* If the word " is " is substituted here for the word " approaches " then C becomes identical 
with A. In, for instance, the above problem in mechanics where the density is a continuous 
function of (x, y, z), A and C could be verified with equal or almost equal facility. But C is 
equivalent to B which corresponds to Osgood's uniformity condition. These facts are to be con- 
sidered if one compares Osgood's theorem and mine with regard to ease of application in those 
cases where no discontinuities enter. 
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Independence Example. — Assume that the rational points of the interval 
(0, 1) have, by some scheme, been brought into a one-to-one correspondence 
with the set of all positive integers. Let t k denote that rational number 
which, according to this scheme, corresponds to the positive integer k. 
Divide the interval (0, 1) into n equal sub-intervals Ei„ by the points x in 
where i = 1 • • -n. Let r in ' = 1, only when n = 2 k where k is such a positive 
integer that X(,-i) B S fc ^ x in . In all other cases let r in ' = 0. Ler r,„ = 
for all values of n and i. Then it may be shown that if P is any point in 
(0, 1) then in every neighborhood of P there is an interval E iini , such that 
?V,' — n-,», = and, at the same time, another interval E^ such that 
?W — r hnt = 1. Thus condition C is satisfied with respect to no point 
whatsoever of the interval (0, 1). On the other hand condition A' is satisfied 
with respect to every point of that interval. 

University of Pennsylvania. 



